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Providence, Rhode IslandABSTRACT Using a generalized Brownian ratchet model that accounts for the interactions of actin filaments with the surface
of Listeria mediated by proteins like ActA and Arp2/3, we have developed a microscopic model for the movement of Listeria.
Specifically, we show that a net torque can be generated within the comet tail, causing the bacteria to spin about its long
axis, which in conjunction with spatially varying polymerization at the surface leads to motions of bacteria in curved paths
that include circles, sinusoidal-like curves, translating figure eights, and serpentine shapes, as observed in recent experiments.
A key ingredient in our formulation is the coupling between themotion of Listeria and the force-dependent rate of filament growth.
For this reason, a numerical scheme was developed to determine the kinematic parameters of motion and stress distribution
among filaments in a self-consistent manner. We find that a 5–15% variation in polymerization rates can lead to radii of curva-
tures of the order of 4–20 mm, measured in experiments. In a similar way, our results also show that most of the observed trajec-
tories can be produced by a very low degree of correlation, <10%, among filament orientations. Since small fluctuations in
polymerization rate, as well as filament orientation, can easily be induced by various factors, our findings here provide a reason-
able explanation for why Listeria can travel along totally different paths under seemingly identical experimental conditions.
Besides trajectories, stress distributions corresponding to different polymerization profiles are also presented. We have found
that although some actin filaments generate propelling forces that push the bacteria forward, others can exert forces opposing
the movement of Listeria, consistent with recent experimental observations.INTRODUCTIONIt has long been known that cell motility is driven by actin
polymerization (1,2). In addition to cell locomotion, the
movement of certain pathogens, such as Listeria monocyto-
genes, is also driven by actin polymerization (3,4). By
hijacking the actin machinery of the host cell, these patho-
gens are able to propel themselves by forming actin-rich
comet tails, where propulsive forces are generated by the
unidirectional polymerization of actin filaments (5), as illus-
trated in Fig. 1, left. Actin-based motility has been one of the
most studied subjects in biophysics and biochemistry in the
past few decades due to the pivotal role of cell motility in so
many important biological processes, such as wound heal-
ing and immune response. In addition, actin polymerization
provides a way to convert chemical energy stored in biolog-
ical systems into mechanical energy, which might have
profound implications for the future development of minia-
ture-scale medical devices capable of moving in our body to
deliver drugs or conduct medical procedures, since actin is
well known to be one of the most abundant proteins in
human cells.
Significant progress has been made in identifying
different proteins involved in the formation of the actin
comet tail, as well as their distinct roles in the polymeriza-
tion process. For example, it has been found that the only
surface protein necessary for Listeria motility is ActA.Submitted April 15, 2010, and accepted for publication June 1, 2010.
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0006-3495/10/08/1043/10 $2.00Indeed, it has been demonstrated that microspheres coated
with ActA can grow actin comet tails and move in cyto-
plasmic extracts in the same way as the pathogens (6,7).
Experimental evidence also suggests that ActA accelerates
the growth of actin filaments by attracting profilin, a protein
that is believed to be able to deliver monomeric actin to the
filament barbed ends (8). It is interesting that the distribution
of ActA on the bacterial surface has been found to be
nonuniform: instead, the density of ActA reaches its
maximum at one pole of the pathogen and decreases gradu-
ally when moving away from that pole (9,10). However,
ActA will aggregate at both poles in a dividing bacteria,
presumably due to the spatially nonuniform creation/
destruction of these proteins, so that the two old poles will
have the highest ActA concentration after division (10,11).
Several studies (10,12) have been conducted to examine
the effect of spatial variations in ActA density on the move-
ment of Listeria.
Theoretically, several mechanisms have been proposed to
explain force generation by polymerization. Maybe the most
well known of these is the so-called elastic Brownian ratchet
(EBR) model (13,14), where thermal excitations are
assumed to be large enough to bend the actin filament and
hence create a gap between its tip and the load surface,
which allows continuous polymerization to take place. No
interaction between the filament and the load surface was
considered in the EBR formulation. However, recent exper-
iments have convincingly demonstrated that the actin comet
tail is actually attached to the Listeria surface (15,16). Todoi: 10.1016/j.bpj.2010.06.001
FIGURE 1 Schematic plot of a moving Listeria. (Left) The bacteria are
propelled by polymerization of actin filaments. (Right) The geometry of
Listeria is simplified as a rod with a square cross section.
1044 Lin et al.account for this important finding, Mogilner and Oster (17)
presented a modified EBR model in which bonding between
the actin filament and the ActA/Arp2/3 complex on the load
surface was allowed. Besides Brownian ratchet, a molec-
ular-motor-based end-tracking mechanism has also been
proposed by Dickinson and co-workers to explain force
generation by actin polymerization (18,19).
In addition to these microscopic formulations, Gerbal
et al. (20) constructed a macroscopic model of Listeria pro-
pulsion where the actin network is treated as a continuous
medium and insertion of actin monomers is assumed to
induce elastic deformations in the gel. This model can
successfully predict, among several other phenomena, the
widely observed hopping motion of Listeria, but it seems
to be unable to explain recent experimental observations
that propelling forces can also be generated on a flat surface
(21,22), as surface curvature is essential for the build-up of
elastic energy in this formulation.
On the simulation side, the Monte Carlo method has been
used by various researchers to investigate issues like the
growth of actin networks (23) and the symmetry breaking
of actin clouds (24). A computational model based on
molecular mechanics, developed by Alberts and Odell
(25), seems to be able to reproduce the saltatory motion of
Listeria observed in experiments. In addition, molecular
dynamics simulations of actin-driven propulsion have
been conducted by Lee and Liu (26).
Recently, we proposed a generalized EBR (GEBR) model
where the problem is formulated as the Brownian motions of
particles in a potential field (27). Important features like the
nucleation and capping of filament tips, as well as the inter-
actions between the tips and the load surface, are taken into
account in this formulation in a very simple manner. It has
been shown that predictions from the GEBR model agree
very well with a variety of experimental results. Details of
this model will be given below.
Despite the aforementioned efforts, several intriguing
experimental observations remain to be explained theoreti-
cally. For example, Upadhyaya and co-workers (28) foundBiophysical Journal 99(4) 1043–1052that the forces generated within the actin comet tail are
not uniform, and that, instead, propelling forces that push
the actin-driven vesicle forward are induced by polymer-
izing filaments at the outer part of the comet tail while
forces opposing the vesicle movement are generated in the
middle of the tail. Dickinson and Purich (29) studied this
problem by assuming that the filament growth is limited
by the diffusion of actin monomers. Their model indeed
reproduced the teardrop shape of the actin-driven vesicle
observed in experiments; however, the stress profile they
found is a fairly evenly distributed one, in contrast to what
Upadhyaya et al. (28) suggested. Also, it has been convinc-
ingly demonstrated that when confined within a plane,
Listeria can move along different trajectories, such as
circles, sinusoidal-like curves, translating figure eights,
and serpentine shapes, etc. (30,31). Rutenberg and Grant
(32) suggested that the random placement of polymerizing
filaments behind the pathogen is enough to induce observ-
able curvatures in its path. Recently, an empirical descrip-
tion has been proposed to explain how different
trajectories can be achieved kinematically (31). However,
a theory is still lacking that would connect fascinating
Listeria motions with microscopic polymerization details.
Another interesting observation is that moving Listeria actu-
ally spins around its long axis (33), which implies that in
addition to a propelling force, a torque must be generated
by actin polymerization as well, a conclusion that has also
been drawn from the study on the dynamic trajectories of
moving Listeria (31). However, the focus of the existing
microscopic or macroscopic models is to find out how
a propelling force is generated by polymerizing filaments.
As such, they are inherently unable to capture the spinning
of the bacteria, as pointed out in a recent review article by
Mogilner (34).
Aiming to address these outstanding issues, we present
here a microscopic model to describe the motion of actin-
driven Listeria based on the GEBR formulation. The goal
is to establish a theoretical framework that relates the
macroscopic Listeria movements to microscopic polymeri-
zation details such as the polymerization rate profile and
the actin network structure in the comet tail. Specifically,
we show how a net torque can be generated within the comet
tail and how such a torque in conjunction with spatially
varying polymerization at the surface can lead to the motion
of bacteria in curved paths observed in recent experiments.FORCE GENERATION BY POLYMERIZATION
The first task is to examine how propelling forces necessary
for Listeria movement can be generated by polymerizing
filaments. It is well known that Listeria has a capsule shape
(Fig. 1, left). To simplify the analysis here, we treat Listeria
as a rod with a square cross section (Fig. 1, right). The length
of the rod is taken to be b ¼ 2 mm, and the half-width of the
square is assumed to be a ¼ 0.4 mm (5). We also put the
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between the Listeria and the actin comet tail such that the
x axis is normal to the interface. As mentioned earlier, in
most experiments conducted, the movement of Listeria
was confined within a plane. Hence, without losing any
generality, the Listeria is assumed here to be constrained
to move within the xy plane only (Fig. 1, right). Following
the GEBR formulation, in the reference frame that moves
with a velocity, V, equivalent to the growth speed of the fila-
ment network, in the negative x direction, the Brownian
motions of the filament tips can be described by (27)
vp
vt
¼Dv
2p
vx2
þ D v
vx

vU=kT
vx
p

þ hðx; tÞ  Vvp
vx
;
for 0%x <N;
(1)
where p(x, t) is the normalized probability distribution for
a large ensemble of identical filament tips, kT is the thermal
energy, D is the diffusion coefficient of the tip, h is the
source (or sink) distribution representing the generation
(or elimination) of tips, and U is the total energy stored in
each filament when the tip is at location x. All the parame-
ters and variables used here are gathered in Table S1 in the
Supporting Material. If nucleation and capping of tips are
neglected, then the effects of polymerization and depoly-
merization can be taken into account by a source distribu-
tion, h, as
hðxÞ ¼ Kpðx þ dÞ  Koff pðxÞ; for 0%x%d (2)
and
hðxÞ ¼ K½pðx þ dÞpðxÞKoff ½pðxÞpðxdÞ; for x > d;
(3)
where d is the projected actin monomer length, K and Koff
are the polymerization and depolymerization rates, respec-
tively. Physically, Eqs. 2 and 3 indicate that polymerization
can only take place when the gap between the tip and the
load surface is larger than the actin monomer size, d, and
addition of a monomer causes the tip to change its position
from x to x – d, whereas the tip position jumps from x to
x þ d after depolymerization. The potential energy, U,
can be expressed as
UðxÞ ¼ UbðxÞ þ UiðxÞ ¼ 1
2
Kf ðx  x0Þ2CbkTeðx=sÞ2 : (4)
Here UbðxÞ ¼ 1=2Kf ðx  x0Þ2 represents the bending
energy stored in the filament. x0 is the tip position in the
undeformed configuration, which is unknown and must be
solved as part of the solution. Kf ¼ 3lkT=l3sin2q is the
effective spring constant of filaments, where l is the persis-
tence length of actin, l is the so-called free-end length of thefilament, and q is the inclined angle of the filament (14,19).
UiðxÞ ¼ CbkTeðx=sÞ2 corresponds to the interaction
energy between the tip and the load surface, which was
introduced in light of recent evidence that the actin comet
tail is actually attached to the Listeria surface (15,16). The
parameter Cb physically describes the depth of the potential
well, and s represents the approximate width of the well.
Basic physics tells us that the most important quantities of
a potential well are its depth and width; as long as these
two parameters are fixed, the actual shape of the well should
not significantly affect the outcome, similar to the enforced
breaking of a molecular bond, as discussed in Evans and
Ritchie (35). The speed at which the reference frame moves
should be identical to the filament growth speed, that is,
V ¼ Kd
RN
d
pðxÞdxRN
0
pðxÞdx; (5)
where depolymerization has been neglected, since in most
practical cases, polymerization reaction is much faster than
the dissociation of monomers. At steady state, a closed-
form solution to Eq. 1 can be found from which the average
propelling force, f, induced by a single filament, is
f ¼ kT pð0ÞRN
0
pðxÞdx 
RN
0
pðxÞdUi
dx
dxRN
0
pðxÞdx ; (6)
where p(0) is the value of p(x) at x¼ 0. An important assump-
tion in the above model is that all filaments polymerize at the
same rate, so that the velocity of the actin-propelled cargo is
equal to the polymerization speed in Eq. 5. However, as
mentioned earlier, it has been convincingly demonstrated
that the actin-based motility of Listeria is directed by the
surface protein ActA, whose distribution on the bacteria
surface is not uniform and is actually regulated by various
biological processes (for example, cell division). Hence, it
is conceivable that the macroscopic polymerization rate
might vary spatially at the Listeria surface. In the next
section, we explore the implications of such spatially varying
polymerization on the movement of the pathogen.LISTERIA MOVEMENT
Recall that the Listeria is confined to move within the xy
plane, so its only admissible motions are linear translation
in the x direction and rotations around both z and x axes
(Fig. 1, right). We proceed by first neglecting the spinning
of the bacteria around its long axis, i.e., the x axis. As shown
in Eqs. 5 and 6, the propelling force generated by each fila-
ment can be determined numerically once the local poly-
merization rate and filament growth speed are known;
hence, f can be treated as a function of K and V, that is,
f ðy; zÞ ¼ f ðKðy; zÞ; Vðy; zÞÞ: (7)Biophysical Journal 99(4) 1043–1052
1046 Lin et al.Notice that in general the polymerization rate and filament
growth speed may not necessarily be spatially uniform
behind the Listeria. Consequently, we expect that f can
vary with y and z as well. Here, to understand the effects
of spatially varying polymerization rates, we first assume
that everything is uniform in the z direction, that is, all
variables depend on y only. As such, the linear speed,
as well as the angular velocity, of Listeria can be deter-
mined as
2ar
Z a
a
f ðyÞdy ¼ aV0 (8)
and
2ar
Z a
a
yf ðyÞdy ¼ buz; (9)
respectively, where r is the areal density of filaments, V0 is
the linear velocity of Listeria, and uz is the angular velocity
in the z direction (Fig. 1, right). a and b are two constants
representing the viscous effect against the translation and
rotation of the bacteria, respectively. Notice here that the
movement of Listeria is assumed to be viscosity-dominant.
At steady state, the filament growth speed must be identical
to the moving velocity of Listeria surface locally, that is,
VðyÞ ¼ V0 þ yuz; (10)
Thus, for any given polymerization rate distribution K(y),
V0, and uz must be self-consistently determined from
Eqs. 8 and 9 with the help of Eqs. 7 and 10. Obviously, if
polymerization is uniform behind Listeria, then there will
be no rotation, i.e., uz ¼ 0, and the problem reduces to
that considered in Lin (27). Now, let us examine what will
happen if a perturbation is added to the uniform polymeriza-
tion field. Specifically, we will consider two cases where the
perturbation is either symmetric or asymmetric.Symmetric perturbation
Let us first consider cases where polymerization rate
remains symmetric with respect to the xz plane. Assume that
KðyÞ ¼ K0 þ dKjyj  a=2
a=2
; (11)
where K0 can be interpreted as the average polymerization
rate and dK is the magnitude of the perturbation. Since the
perturbation in K is symmetric, we expect the propelling
force distribution, f, to be so as well, and hence, according
to Eq. 9, uz must vanish here.
Based on direct measurements reported in the literature,
as well as reasonable estimations, the values of all the
parameters used here are gathered in Table S2 (see Support-Biophysical Journal 99(4) 1043–1052ing Material for details). To further simplify the analysis, we
assume that the Listeria is driven by 25 polymerizing fila-
ments that are uniformly distributed behind the bacteria
with a spacing of ~200 nm, a reasonable value. We must
point out that although the values of various parameters
might affect the calculation results to a certain extent, we
believe that the main features of the problem, demonstrated
below, should be rather robust.
An iterative scheme is developedhere todetermine thekine-
matic parameters of motion, as well as the stress distribution
amongfilaments, for a given polymerization profile. Basically,
we start with initial guesses of the linear and angular velocities
of Listeria, from which the filament growth profile can be ob-
tained through Eq. 10. After that, propelling forces generated
by each filament are calculated fromEq. 6, based onwhich the
corresponding translational and rotational velocities of the
bacteria can be determined by Eqs. 8 and 9. Notice that these
velocities may deviate from the initial guesses, in which case
we make a new guess based on standard Newton’s method, as
detailed in Press et al. (36). These steps will be repeated until
the calculated velocities agreewith the guesses. The flowchart
of the scheme is shown in Fig. S1. We point out that this self-
consistent scheme, handling the coupling of motion and force
generation, can be applied to systems that involve arbitrary
numbers of filaments.
ChoosingCb¼ 3 and s/d¼ 0.15, the propelling force distri-
butions, corresponding to dK/K0¼ 0, 0.25 and 0.75, are shown
in Fig. 2. It is clear that filaments at the outer edge,where poly-
merization is fast, generate higher propelling forces than those
in the middle, where polymerization is relatively slow.
Furthermore, when the difference in polymerization rate
between the outside and inside is large enough, the inner fila-
ments can actually be under tension, i.e., they can generate
negative propelling forces. This finding is interesting, because
observations by Upadhyaya et al. (28) suggest that the inner
part of the actin comet tail indeed generates forces opposing
the movement of an actin-propelled vesicle. Hence, the work
presented here might provide a plausible explanation for this
phenomenon. As mentioned earlier, since the polymerization
profile is symmetric in this case, no rotation will be generated
and the Listeria is expected to move along a straight line. The
normalized Listeria velocity, V0d/D, has been found to be
around 6.5  103 for all three cases (Fig. 2).Asymmetric perturbation
Next, let’s turn our attention to the situation where the
perturbation in polymerization rate is asymmetric with
respect to the x – z plane. We proceed by assuming
KðyÞ ¼ K0 þ dKy
a
: (12)
Choosing the same parameter values as before, the force
distribution corresponding to dK/K0 ¼ 0.25 and 0.75 is
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FIGURE 2 Propelling force distribution among filaments arranged in a 5  5 array. At force distributions of dK/K0 ¼ 0 (left), dK/K0 ¼ 0.25 (middle), and
dK/K0 ¼ 0.75 (right), the normalized Listeria velocities are V0d/D ¼ 6.5  103, V0d/D ¼ 6.6  103, and V0d/D ¼ 6.9  103, respectively.
Motion of Listeria in Curved Paths 1047shown in Fig. 3. Again, we can see that filaments in the
region where polymerization is fast tend to generate larger
propelling forces. Also, the force profile becomes asym-
metric in this case, which leads to the rotational motion
of Listeria. Using our self-consistent numerical scheme,
the linear and angular velocities were found to be V0d/D ¼
6.5  103 and uzad/D ¼ 8.5  104 for dK/K0 ¼ 0.25,
whereas these two quantities change to V0d/D ¼ 6.6 
103 and uzad/D ¼ 2.8  103 for dK/K0 ¼ 0.75. Obvi-
ously, the magnitude of the perturbation in polymerization
rate significantly affects how fast Listeria rotates but has
negligible influence on the linear speed of bacteria, which
is not unexpected, since the average polymerization rate
remains unchanged after the perturbation is applied.
As a result of the simultaneous linear and rotational
motions of Listeria, the trajectory traced out by the path-
ogen becomes a circle. It can easily be shown that the radius
of such a circle is
R ¼ V0=uz: (13)
Hence, the Listeria is expected to move along a circle with
radius R ¼ 3 mm for dK/K0 ¼ 0.25 and R ¼ 0.9 mm for dK/
K0 ¼ 0.75. R as a function of dK/K0 is shown in Fig. 4.
Clearly, as expected, R decreases monotonically with
increasing dK. It is interesting to note that experimental
observations suggest that Listeria can move along circles
with radii ranging from ~3 mm (31) to >10–20 mm (16).
In light of Fig. 4, our results suggest that a 5–20% perturba-−1
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tion in the polymerization rate is large enough to generate
such circular trajectories.
As mentioned before, any nonuniformity in the distribu-
tion of ActA on the bacteria surface should effectively intro-
duce a perturbation in the macroscopic polymerization
profile. It is reasonable to believe that such a moderate
(~5–15%) perturbation in polymerization rate can indeed
be generated in realistic experimental conditions, which,
in return, drives the pathogen to move in circles, as
observed. In addition, the polymerization rate is expected
to be proportional to the local concentration of actin mono-
mers, consequently, any spatial variation in the actin mono-
mer density will definitely affect the actual polymerization
profile, which might explain how filaments in the middle
of the comet tail tend to generate negative propelling forces
(28). Basically, the monomer concentration at the center of
the comet tail should be lower than that at the outer edge,
since more actin can diffuse to those regions from the
surroundings, which seems to be supported by observations
that under certain circumstances, the comet tail is actually
hollow (37). However, we must also point out that several
other studies have suggested that actin monomer depletion
in the comet tail is highly unlikely (38,39). Thus, actin diffu-
sion may not be an issue here at all, but the question is open.SPINNING MOTION OF LISTERIA
As pointed out earlier, another admissible motion of
Listeria, when confined within the xy plane, as shown in−0.5
0
0.5
1
z / a
FIGURE 3 Propelling force distribution among
filaments arranged in a 5  5 array for dK/K0 ¼
0.25 (left) and dK/K0 ¼ 0.75 (right).
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FIGURE 4 Radius of the circular trajectory of
Listeria as a function of the magnitude of the
asymmetric perturbation in polymerization rate.
1048 Lin et al.Fig. 1, right, is the spinning about its long axis, i.e., the x
axis. To see how such motion can be generated, let us first
revisit force generation by a polymerizing filament. Notice
that the interaction potential, Ui, was assumed to depend
only on x, i.e., the normal separation between the tip and
the load surface (see Eq. 4). As a result, only the propulsive
force along the x direction, given by Eq. 6, is predicted to be
generated by polymerization. However, as mentioned
earlier, it is commonly believed that the tip interacts with
the load surface through direct binding between ActA and
actin or via the Arp2/3 complex, which can bind to both
the tip and the bacteria surface (40). Consequently, the inter-
action potential between the tip and the load surface should
also depend on the relative displacement in the tangential
direction, which, similar to the normal separation, is likely
to deform the bond formed between the tip and the Arp2/3
complex. As such, the expression of Ui(x) should be
modified to
UiðrÞ ¼ CbkTeðr=sÞ2 ; (14)
where r is the total distance of the filament tip from the load
surface (Fig. 5, left). In this case, the propelling force gener-
ated by the filament becomes (see Supporting Material for
details)
f ¼ kT pð0ÞRN
0
pðxÞdx 
RN
0
pðxÞdUi
dr
sinqdxRN
0
pðxÞdx : (15)Biophysical Journal 99(4) 1043–1052In addition, a tangential force,
t ¼
RN
0
pðxÞdUi
dr
cosqdxRN ; (16)0
pðxÞdx
will also be induced. The generation of such tangential
forces is a natural consequence of Eq. 14, where Ui is
assumed to depend on the tangential displacement between
the tip and the load surface. Note that the direction of this
tangential force t depends on the orientation of the filament.
For example, this force is in the positive y direction in the
configuration shown in Fig. 5, left. However, t will be point-
ing in the z direction if the filament lies within the xz plane
instead of the xy plane, as in Fig. 5, left.
Thus, in general the torque Tx, in the x direction, gener-
ated by all filaments can be calculated as
Tx ¼ r
Z a
a
Z a
a
~s  ~tð~sÞdydz; (17)
where~s is the vector from the origin of the reference frame
to the filament tip. At this point, it is instructive to consider
the actual structure of the actin comet tail. If the orientations
of working filaments, i.e., filaments that hit the load surface,
within the comet tail are totally random, then Tx, defined in
Eq. 17, is expected to be zero, since the directions of tangen-
tial forces induced by different filaments are also random
(Fig. 6 a). On the other hand, the magnitude of Tx reachesFIGURE 5 (Left) Diagram showing the defor-
mation of the filament. The dashed line represents
the undeformed filament and the solid line corre-
sponds to the deformed filament. (Right) A refer-
ence frame x0y0z0 is introduced that spins along
with the Listeria.
a b c
FIGURE 6 Back view of the working filaments
in the comet tail (upper panels) and the corre-
sponding tangential force distributions (lower
panels). (a) Random network (3 ¼ 0). (b) Partially
correlated network (3 ¼ 0.2). (c) Totally correlated
network (3 ¼ 1).
Motion of Listeria in Curved Paths 1049its maximum when the structure becomes totally correlated,
that is, the working filaments are organized in such a way
that ~t is orthogonal to ~s everywhere, similar to that in
a torsional bar (see Fig. 6 c). A persistent orientation corre-
lation among filaments can be induced by the nonuniform
distribution of the ActA/Arp2/3 complex on the bacteria
surface, or might arise from the fact that once Listeria starts
to move, the growth of filament can become energetically
more favorable in some orientations than in others, which
ultimately breaks the randomness of the network. However,
the mechanisms that could lead to such a symmetry
breaking remain to be elucidated in a systematic manner.
To simplify the analysis, a parameter 3 is introduced here
so that Tx defined in Eq. 17 can be rewritten as
Tx ¼ 3r
Z a
a
Z a
a
k~s k $ k~tð~sÞ k dydz: (18)
Obviously, 3 ¼ 0 corresponds to a random structure,
whereas 3 ¼ 1 represents a totally correlated filament
network. Hence, 3 can be interpreted as a parameter charac-
terizing the randomness of the actin network. Due to the
appearance of the torque Tx, the Listeria is expected to
spin around the x axis. Similar to Eq. 9, the angular velocity,
ux, corresponding to this spinning motion can be deter-
mined by
Tx ¼ gux; (19)
where g is a viscous parameter associated with the spinning
motion of the pathogen. Based on the geometry of Listeria,
it is reasonable to believe that the value of g should be
comparable to that of b. Here, the value of gD=kTa2 is
chosen to be 1000. A second coordinate system x0y0z0,introduced here, spins along with the Listeria, whereas the
original frame, xyz, is chosen to move with the pathogen
without any spinning (Fig. 5, right). As before, the move-
ment of Listeria is assumed to be confined within the xy
plane. Consider the configuration where the bacteria has
rotated with an angle uxt, as shown in Fig. 5, right: if the
polymerization again is assumed to be asymmetric with
respect to the x0z0 plane in this case (recall that the nonuni-
formly distributed ActA will spin with the pathogen), then
the moment induced is actually in the z0 direction, with the
magnitude given by the term on the lefthand side of Eq. 9.
Note that the correlation factor, 3, does not appear in the
expression of this moment because, unlike the tangential
force, the propelling force, f, defined in Eq. 15, is always
in the negative x direction, irrespective of which plane (for
example, the x0y0 or x0z0 plane) the filament is in. The y-
direction component of this moment will be balanced by the
walls which constrain the Listeria to move in the xy plane
only, whereas the z component can be expressed as
Tz ¼ 2arcosðuxtÞ
Z a
a
y0f ðy0Þdy0: (20)
As such, it is easy to conclude that the bacteria will rotate
around the z axis with an angular velocity of cos(uxt)uz,
where uz is the same as that defined in Eq. 9. Based on these
observations, the bacteria movement can be found to be
governed by
_X ¼ V0sin

uz
ux
sinðuxtÞ

; _Y ¼ V0cos

uz
ux
sinðuxtÞ

; (21)
where X and Y represent the coordinates of the moving
Listeria in a stationary reference frame (see SupportingBiophysical Journal 99(4) 1043–1052
TABLE 1 Parameters for Listeria trajectories in Fig. 7
Figure label K0 (s
1) dK/K0 (%) 3 V0 (mm/s)
a 261 17.5 0 0.27
b 261 17.5 0.053 0.27
c 261 17.5 0.2 0.27
d 261 17.5 1 0.27
e 155 35.0 0.087 0.16
f 145 12.5 0.0066 0.15
1050 Lin et al.Material). The bacteria trajectory can then be obtained by
simple integration of Eq. 21. Note that V0, uz, and ux can
be determined from Eqs. 8, 9, and 19, respectively, once
the polymerization profile and the comet tail structure are
prescribed.
Again, assume that the perturbation in polymerization
rate takes the asymmetric form and the Listeria is propelled
by 25 filaments. Choosing Cb ¼ 2; ssinq=d ¼ 0:3 and
other parameter values, as before, the pathogen trajectories
under different conditions are shown in Fig. 7. The input
values of K, dK, and 3, as well as the computed Listeria
velocity, V0, corresponding to the different trajectories
shown in Fig. 7, are summarized in Table 1.
For K ¼ 261 s1 and dK/K ¼ 17.5%, Fig. 7, a–d, shows
how the bacteria trajectory varies with respect to the actin
network structure. Basically, since no spinning motion
will be generated when the filament orientations are totally
random (Fig. 6 a), the trajectory is just a circle if 3 ¼ 0, as
shown in Fig. 7 a. When 3 increases slightly to 0.053, the
trajectory takes a serpentine shape (Fig. 7 b). A high degree
of correlation among filament orientations causes the Liste-
ria to move along sinusoidal-like (or S-shaped) paths with
decreasing amplitude as 3 increases (Fig. 7, c and d). This
is not unexpected, because large 3 leads to high spinning
angular velocity; consequently, the moment Tz defined in
Eq. 20 changes signs rapidly, which ultimately results in
the diminishing amplitude of the curved paths. Note thatμ
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Biophysical Journal 99(4) 1043–1052a connection between the Listeria trajectory and the actual
actin network, like those shown in Fig. 6, a–c, has been es-
tablished here. Fig. 7, e and f, show two other scenarios
where the trajectory shapes are a translating figure eight
and a spiral, respectively. We must point out that all trajec-
tories predicted here have indeed been observed in experi-
ments. For example, trajectories similar to those shown in
Fig. 7, a–e, have been reported by Shenoy et al. (31),
whereas the spiral illustrated in Fig. 7 f closely resembles
that observed by Gerbal et al. (16).
Up to this point, all filaments have been assumed to run
into the load surface with the same angle (35), which
certainly is unrealistic, given the complexity of the three-
dimensional actin network (41). To see the effect of varia-
tions in filament angle on the results, we have also
conducted simulations by choosing filament angles that
follow a normal distribution with a mean of 35 and stan-
dard deviations of 5 and 10, respectively. The results are0 5 10 15 20 25 30
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s under different conditions.
Motion of Listeria in Curved Paths 1051shown in Table S3, from which it is clear that fluctuations in
filament angle change our model predictions only slightly.
We also want to point out that the GEBR formulation
provides the force generated by each filament in an average
sense; however, it is reasonable to believe that fluctuations
in filament force, similar to those in filament angle, will
not affect the results in any significant manner.CONCLUSIONS
On the basis of the GEBR mechanism proposed recently
(27), a microscopic model is developed here to study the
movement of Listeria propelled by actin polymerization.
A key ingredient in our formulation is the coupling between
the filament growth and Listeria motion. For this reason,
a numerical scheme is introduced to determine the force
distribution among filaments and bacteria movement in
a self-consistent manner. The main findings of this study
are summarized as follows.
Spatial variation of polymerization rate leads to the
nonuniform distribution of propelling forces gener-
ated by polymerizing filaments. Filaments with a
higher polymerization rate (locally) produce larger
forces pushing the Listeria forward, whereas smaller,
or even negative, propelling forces will be generated
by filaments in slower polymerization regions.
If polymerization is fast on one side of the comet tail and
slow on the other, a moment will be generated,
causing the Listeria to rotate while moving forward,
which eventually leads to a curved bacteria trajectory.
Furthermore, we found that only a moderate perturba-
tion (~5–15%) in the polymerization profile is needed
to induce the curvatures observed in typical Listeria
trajectories.
By considering the realistic bonding between the filament
tip and the ActA-Arp2/3 complex on the Listeria sur-
face, we conclude that a tangential force is also likely
to be induced by the polymerizing filament. Conse-
quently, a net torque that causes the pathogen to spin
around its long axis can be generated by the comet
tail depending on the filament orientations within it.
The degree of correlation among filament orientations
in the comet tail strongly affects the movement of
Listeria. By choosing reasonable parameter values, we
found that most trajectories observed in experiments
can be reproduced by our model with only a very
low degree of correlation, <10%. This might provide
a reasonable explanation for why Listeria can travel
along totally different paths under seemingly the
same experimental conditions, as small fluctuations
in filament orientation, as well as polymerization
rate, can easily be introduced by various factors.
Several important aspects of the problem have been ne-
glected here but certainly warrant future investigation. Forone thing, as in many models of actin motility (e.g., those
of Mogilner and Oster (14,17)), we only consider filament
free ends here, and the rest of the network is assumed to
be rigid. Also, as the polymerization process progresses,
the actin network itself is likely to evolve via processes
like filament growth, branching, and severing, etc., so
a more realistic formulation should take into account the
deformability, as well as the structural evolution, of the
comet tail and address the interplay between these processes
and Listeria motion. However, we do not anticipate that this
kind of more detailed calculation will reveal qualitatively
new physics relevant to the curvature of the trajectories
studied here. In addition, the Listeria surface was treated
as flat here, because we expect that a hemispherical surface
will lead to the same conclusions, provided that there are
spatial variations in polymerization rates and correlations
in filament orientations across the surface. Actually, using
the approach we have developed here, it is possible to
work out the trajectories of Listeria with a capsule shape.
However, in that case one needs to take into account varia-
tions in the directions of filament forces, as well as filament
angles, introduced by the hemispherical geometry, recalling
that the normal component of filament force is always along
the surface normal direction locally. In addition, Eq. 10.
which relates filament growth to the motion of Listeria,
needs to be modified accordingly. All these facts will
make the formulation less transparent and the implementa-
tion mathematically more involved. Nevertheless, if detailed
information on ActA distribution or filament orientations is
available from experiments, this task can be pursued in the
future.
Despite the limitations mentioned above, we feel that our
model successfully establishes a connection between the
macroscopic movement of Listeria and microscopic poly-
merization details like the polymerization profile and the
comet tail structure. Predictions from this model also
compare favorably with a variety of experimental observa-
tions.We hope that this formulation can provide a theoretical
framework for further studies in which more realistic
features can be added.SUPPORTING MATERIAL
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